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Chu spaces, which derive from the Chu construct-afitonomous categories, can be
used to represent most mathematical structures. Moreover, the logic of Chu spaces is
linear logic. Most efforts to incorporate fuzzy set theory into the realm of linear logic
are based on the assumption that fuzzy and linear negation are identical operations.
We propose an incorporation based on the opposite assumption and we provide an
interpretation of some linear connectives. Furthermore, we show that it is possible to
represent any fuzzy relational structure as a Chu space by means of the fuinctor
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1. Introduction

Linear logic is a logic which has been invented by Jean-Yves Girard while he was
working on the properties of coherent spaces. Linear logic is not just another logic, it is an
improvement of classical logic, i.e., linear logic attempts and solves most of the problems
of classical logic. From its discovery linear logic has found many application in computer
science, e.g., it is employed in the description of concurrent systems, in the design of new
programming languages that don’t need garbage collection, proof theory, etc.

Chu spacésare relatively new objects of mathematics which derive from the Chu con-
struct of x-autonomous categorie$* is a comprehensive recent account of the Chu con-
struct). Chu spaces have been successfully used in many fields of science:
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¢ inthe modeling of constraint-interval fuzzy set as a means of fuzzy decision naking,
e in the mathematical description of information fléw,

e in the description of concurrendy,

e in physics}

e in philosophy’

¢ in mathematics as a uniform representation of the objects of mathematical pfactice
and of any relational structuré,etc.

It is interesting to note that the logic of Chu spaces is linear Ibgic.

There have been some attempts to incorporate fuzzy logic into linear'foticAll
attempts are based on the assumption that linear negation and fuzzy negation should be
treated as identical operations. Our approach departs from this assumption—we propose
an incorporation of fuzzy logic into linear logic via Chu spaces by distinguishing fuzzy
and linear negation. This distinction is justified by the fact that linear negation is a derived
operation, while fuzzy negation is a basic operation.

In this paper we provide an elementary introduction to the notions and concepts associ-
ated with linear logic, then we propose a representation of fuzzy subsets of some universal
set as Chu spaces and we provide an representation of the connectives of intuitionistic linear
logic. Moreover, we provide an representation of fuzzy negation as an operation between
Chu spaces. Next, we provide a construction by means of it one can represent any fuzzy
relational structure as a Chu space.

2. What is Linear Logic?

Linear logic is not just another logic, it is an improvement of classical logic. The basic
problem of classical logic, that is being solved by linear logic, is thadtafic proposi-
tions—in classical logic a proposition is either true or false, but this can never change. In
general, this holds for all mathematical propositions, e.g., consider the propdsitidh
However, there are propositions whose trutkeimiporal e.g., the sentendgs Christmas
todayis true only once, or in general every 365 days or so.

But this isn’t the only problem of classical logic. Consider the following statements:

D £ one dollar

M2a pack of Marlboros

C2a pack of Camels
Moreover, suppose that the statemebts=- M and D = C mean that we can buy a
pack of Marlboros with one dollar and that we can buy a pack of Camel’s with one dollar,
respectively. Then in classical logic we are allowed to conclude that

D= (MACQC)

That is, with one dollar we can buy a pack of Marlboros and a pack of Camel’s! Of course
this paradox is due to the interpretation of the connectiéand”): if it means achoice
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between the two it is obviously true, but if it means simultaneous possession of both packs,
then it is obviously false. These two interpretations are implemented in linear logic as two
different conjunction connective& and® respectively. Moreover, these connectives have
theirduals @ (dual of &) expresses the choice between two possible types of action and
% (dual of ®) expresses a dependency between two types of action.

Speaking of actions, linear logic assumes that a proposition is eits@uation or
an actionreaction Situations correspond to eternal truths, while actions and reactions
to propositions whose truth is tempdraln linear logic we are not allowed to use any
proposition more than once or to ignore it. However, this rule does not apply to situations,
if we use them in a controlled way. The new connectivesnfodalitieg ! and? permit
us to consume and to produce, respectively, as many copies of some situation as we like.
Furthermore, linear logic provides the speaiall-ary connectives (oconstants1, L, T,
andO0 which are theneutral propositionsf the connectivesy, %%, &, and® respectively.
Linear negation is a defined operation, while linear implication can be defined in terms of
the connectivés as: A — B = A+ % B. Note that it is possible to define the connectives
® and?® in terms of— and linear negation.

The following example, taken frorlf, illustrates the use of the linear connectives and
their meaning:

Example 2.1 Suppose for a fixefs price a restaurant will provide a hamburger, a Coke,

as many French fries as you like, onion soup or salad (your choice), and pie or ice cream
(some else’s choice). One may encode this information in the linear logic formula beside
the menu:

Fixed — Price Menu:$5 (D®D®D®D®D)
Hamburger —o
Coke [HRCRIF®(0&S)®(0OalI)]
All the french fries
you can eat

Onion Soup or Salad
Pie or Ice Cream
(depending on availability)

3. Fuzzy Subsets as Chu Spaces

Let>] be an arbitrary set without structure (or better: we aren’tinterested in the structure
it may have). AX-Chu space is just a tripl¢fX, , ), whereX and2l are arbitrary sets and
r: X x2 — X. Functionr relates the elements of with the elements dl. For example,
if 2 stands for the set of open subsetsXofthen forz € X and A € 2 the expression
r(x, A) is equal to one if: belongs to the open subsét and zero otherwise. This way it
is possible to represent topological spaces and other relational structures in general.

*The reader should not confuse linear logic with any temporal logic, as the first deals with the notion of time in a
rather deep way?
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Remark 3.1 Categorically speaking,8-Chu space is just an object of the categ@iyu(X),
i.e., the categorChu(Set, X) whereSetis the category of sets and functions, and a
set called thelualizing object

Consider the I-Chu spad&, r, ), wherel = [0, 1]. Suppose thakX is some universal
set and a set of fuzzy subsets of the universal set, then A), wherex € X andA € 2,
denotes thalegreeto which = is a memberof the fuzzy subsetd. We call such a Chu
space duzzy Chu spacéor FCS for short). Note that in general the element€oére
not necessary elements of the g&tX) = I¥, i.e.,2 is an arbitrary set, which by means
of a bijection, corresponds to some $&tC F(X). Since, fuzzy subsets usually denote
properties it is useful to think ofr as a table that relates the varidndividualswith their
properties The following example makes clear this idea.

Example 3.2 Let the setX = {z1,z1, ..., z,,} denote the contestants of a beauty contest
and the se®l = {4,, Ao,..., A, } denote thegualitieseach contestant may have. More-
over, suppose that the following table provides an estimate of the degree to which each
contestant has each quality.

Ay Ay ... A,
I T1,1 1,2 e T1,n
xZ2 T2,1 2,2 e T2,n
Tm Tm,1 Tm,2 oo Tmon

Thenr(z;, A;) = r;;, and so our beauty contest can be described by the Chu space
(X,r,2). O

Suppose thatl = (X, r,2l) is a FCS and that the function: 2 — ¥ is an injection,
then the FC3.X, 2() with »(z, A) being defined implicitly asl(z), provides an alternative,
more natural, representation of a set and (some of) its fuzzy subsets.

The dual of the FCSl = (X, r,2l), denoted asl, is defined to be the FCL, 1", X),
wherer” (4, z) = r(x, A). So, the dual space of a FCS is just another space which behaves
identically but reverses the order of the sets. Someone could say that it is the mirror image
of the original space. The dual of a Chu space corresponds to linear negation.

Suppose thatd = (X,r,2l) is a FCS. Moreover, suppose that the Hetonsists of
the complement®f the elements of!, then a bijectiony : A — 2, defines the FCS
A= (X,7,2), such that(x, A) = 1 — 7#(z, o(A)). The FCSA is called thecomplement
FCS. The complement of a FCS corresponds to fuzzy negation.

LetA = (X,r,2) andB = (Y, s,B) be two FCS. Then a transformation fro#rto 5 is
a pair of functiong f, f), suchthatf : X — Y, f: B — A ands(f(z), B) = r(z, f(B)),
forall z € X andB € 8. This condition is called thadjointness conditian

Proposition 3.3 The adjointness condition in the case of FCS is equivalent to the extension
principle of fuzzy set theory.
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Proof. We first recall theextension principleof fuzzy set theory: Any given function
f : X — Y induces two functiong : F(X) — F(Y)andf~!: F(Y) — F(X) such
that [f(A)](y) = sup,y—r@.) A(z) forall A € F(X) and[f~1(B)](z) = B(f(x)) for
all B € 7(Y). The meaning of the adjointness condition is that if we have a funcfion,
X — Y then it induces the functiofi : F(Y) — F(X) suchs(f(z), B) = r(z, f(B)).
If we letr(x, A) = A(z), then the adjointness condition becomg&B)](x) = B(f(x)),
which is exactly the extension principle. L]

We have defined a faithful way to describe the fuzzy sets of a given universal set as Chu
spaces. Moreover, it is now trivial to define the categBiyu(7) as follows:

(i) The objects of the category are FCS.

(i) The morphisms of the category are pairs of functions that fulfill the adjointness con-
dition
(iiiy Ajoint pairs A L2 B 99 ¢ whered = (X,r, %), B = (Y,s,%),C = (Z,1,¢),

compose vidg, g) o (f, f) = (g o f,g o f). This is obviously an adjoint pair since

t((g o f)(x),C) = s(f(x),9(C)) = r(z,(go [)(C)).
(iv) The identity morphisms are pairs of identity functions.

Following? we provide a representation of the various linear connectives.

Definition 3.4 Suppose thatl = (X, r, ) andB = (Y, s,B) are two FCSs, then the FCS
A—B=(B"t,X xB)

wheret(f, (z, B)) = s(f(x), B), is the space of all transformations froto 55. In order
to define the other linear connectives we use the fact that we can definehotimsor
product) and? (par) in terms of—- and linear negation. Here are the details:

e AR B=AL o B= (BAL,T,QI x B), wherer(f, (A, B)) = s(f(A),B) and
f:A—-Y, and

e A®B = (A — BYHYL = (X xY,t,(B+)A), wheret ((x,y), f) = s'(f(x),y) and
f: X —%B.

Next, we define theumand theproductof any two FCS. Since, their definition make use
of the concept of thédirect sum or just sum, of two setd and B, denoted asi + B; we
take this opportunity to remind the reader thiat- B = {0} x AU {1} x B.

Definition 3.5 The sum of two FCHA = (X, r,2l) andB = (Y, s,B), denoted asA & B,
is the triplet(X + Y, ¢, x 9B), wheret((z,y), (0, 4)) = r(x, A) andt((z,y), (1, B)) =
s(y, B).

Definition 3.6 The product of two FCS4 = (X,r,2) and B = (Y,s,%), denoted
asA & B, is the triplet(X x Y,¢,2 + B), where¢((0,x), (4, B)) = r(z,A) and
t((lvy)v (AaB)) = S(yaB)'
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Moreover, the modality ! (pronouncedfcoursg can be defined in the following way:

Definition 3.7 Let A be an arbitrary set and I&{F(A) be
{M : A— N;M(a) > 0 for finitely manya € A}

Let A = (X,r, ) be a Chu space. We wrifel(.A) for the set of pair§p, ¢) with @ :
X — [0,1] and$ : X — MF () satisfying

r(z, A) = ¢(x)
forallz € X andA € ¢(x). Then the Chu spadel is defined as follows:
A = (X, r,M(A)).
Moreover,r(z, ) = @(z).

We define now the four null-ary operators.= (I, 71, 1), wherel = {0} andry(i,0) = ¢
foralli € I,and1 = 1+ 0= (0,!,1) andT = 0-.

We have provided a representation of all connectives of intuitionistic linear logic as Chu
spaces. Since, the logic of Chu spaces is the intuitionistic linear logic (and by this we mean
that the proof of a linear formula can be represented by Chu spaces), it is now possible to
exploit the possibility to employ fuzzy sets in linear logic reasoning.

4. Fuzzy Relational Structures and Chu Spaces

A fuzzy relational structurés a pair(A4, p), where A is any (crisp) set ang € 14"
(n € N). For example, a binary fuzzy relatighover some seB, i.e.,S : Bx B — I,
is denoted by B, S). If (X, R) and(Y, Q) are fuzzy relational structures of orderand
h : X — Y afunction, then we say thatis arelation morphismff R(z1,...,z,) <
Q(h(zx1),...,h(x,)) (seé” for more details).

Proposition 4.1 For any two fuzzy relational structurés!, p) and (B, o) a relation mor-
phismf : A — B induces a functiorf : F(A™) — F(B™), such thatf(p)(b) < o(b),
whereb = (b1, b, ...,b,).

Proof. Functionf : A — B induces a functiorf : A™ — B™ in the obvious way.
Moreover, this new function induces a functign: F(A™) — F(B™) (obviously,p €
F(A™) ando € F(B™)). Now according to the extension principle of fuzzy set theory,
we get thatf(p)(b) = sup,jb=y(a) p(a), Wherea = (a1, az, ..., a,). We demand that a
morphism between two fuzzy relational structures is a function so that

f(p)(b) < a(b)

which is equivalent to

IA
2
=
T

sup  p(a)
alb=/(a)

p(a)

IN
Q
—
~
—
o
~—
~—
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Corollary 4.2 For any two relation morphism@d, p) —2- (B, o) % (C, ), it holds that
(g0 f)(p)(c) < 7(c).

Proof. The morphismgA4, p) <, (B,o) -4 (C,7), imply that f(p)(b) < o(b) and
g(o)(c) < 7(c). Based one these facts, the proof is easy:
(9o Np)e) = g(f(0)(c)
= sup f(p)(b)

blc=g(b)

IN

sup o(b)
blc=g(b)

g(o)(b)
7(c)

IN

O

It is now possible to define a categoBStr,,, of fuzzy relational structures of orderas
follows:

(i) The objects of the category will be all the paitd, p), whereA is a (crisp) set and
pel?.

(i) Forany two objectgA, p) and(B, o) arelation morphism is an arrow between them.
(iii) Arrow composition is the composition of relation morphisms.

(iv) The identity morphism for a relational structufd, p), p € 14", is a functionid,
such thap(a) = p(id,(a)).

Pratt has provided a construction, more specifically a funktorStr,, — Chu(2"),
by which one can transform any (crisp) relational structure into an object of the category
Chu(2") (seé! for more details). We extend the results of Pratt by defining the functor
G : FStr,, — Chu(I™). The object part of it is defined as follows:

Definition 4.3 If (A, p) is a fuzzy relational structure, then the func@rsends it to the
triplet (4, r, X), whereX is a set that consists aftuples of fuzzy subsets of, such that
forallz € X, [[, z; € p. Moreover, let- : Ax X — I" be defined as follows:(a, z); =
x;(a). (This definition is an immediate result of thglindrical extension principlg

The following is an immediate result of the definition.

Corollary 4.4 G is injective on objects.

We now must find what is the relation between the original fuzzy relational structure and
the new Chu space.

Proposition 4.5 Suppose thai = (a1, as, . .., ay), then for allz € X:

pla) < max{?(ai,x)i,i =1,... ,n}.
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Proof.
1—p(a)
1- min{xl(al), e ,J;n(an)}
max{l —z1(ay),...,1— mn(an)}

= max{l —r(a;,x)1,...,1— T(an,x)n}

2
£
Al

= max{f(ai,a:)i,i =1,.. .,n}.
O

Note, that this means that the definition of Prattiis a special case of our definition.
We define now the arrow part of the functor.

Definition 4.6 Suppose thaf : A — B is a function which induces the functigfr?® :
F(B) — F(A), such thatf ~*(B;)(a) = B;(f(a)). Now, we demand that the functet
maps any functiorf : A — B to the pair of functiong f, f ~!). Obviously, this means that
the pair of functions must fulfill the transformation condition between any two FCS, i.e.,

s(f(a),y) = r(a, f~(y)),
which holds.

We prove the following important facts:

Theorem 4.7 The functorG is faithful and full.

Proof. That the functor is full is a direct consequence of Corollary 4.4. That it is faithful
is a direct consequence of its definition: for afly f> : (A, p) — (B, 0), it follows that if

G(f1) = G(f2), then(f1, fi ') = (f2, ;') and sofy = fa. O

We conclude with an example of a fuzzy relational structure and the way one can represent
it as an object of some categdiStr,, and so as a Chu space.

Example 4.8 Because fuzzy logic is applied to a wide range of fields, not everyone agrees
on the form the basic logic connectives should have. For example one may opt to represent
logical disjunction as thenax function or as the product of the two fuzzy logical values,

etc. Suppose thaX is a crisp set then the sextupl¢(X), Vv, A, —,0,1) represents a
DeMorgan algebra, wherg corresponds to disjunctior, to conjunction,— to negation

and0 and1 to the bottom and top elements of the algebra respectively. Each such sextuple
can be represented as bY, p), wherep is a set of quadruplets. The collection of all
such algebras forms a categdfgtr,. Consequently, it is possible to map every fuzzy
DeMorgan algebra to some Chu space. O
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5. Conclusions

We have showed that it is possible to represent fuzzy sets of some universal set as Chu
spaces. Moreover, we have described a mechanism by means of it one can represent any
fuzzy relational structure as a Chu space. The important question that has to be answered is:
“What are the benefits of this approach?” The obvious answer to this question is that we get
an immediate way to embed linear logic in virtually all areas of science. Consequently, the
operators of linear logic get a concrete meaning for different cases. Since, Chu categories
are large categories they provide a uniform framework to deal with different objects of
mathematics that become objects of the same category. Another important aspect of this
representation is that we can get a new insight in areas where Chu spaces have already been
applied successfully, e.g., concurrency, quantum mechanics, etc.
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